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Abstract—Due to the problem on global warming, green supply 
chain management, in particular, logistics, has drawn the 
attention of researchers. Although there were closed-loop green 
logistics models appeared in the literatures, most of them did not 
consider the uncertain environment in general terms. In this 
study, a generalized model was proposed when the uncertainty is 
expressed by fuzzy and interval numbers. A solution procedure 
was developed and illustrated by a numerical example. The 
resultant solution provides useful information of the expected 
solution under a confidence level. 
Keywords- fuzzy number, interval programming, green supply 
chain, mean and variance. 
I. INTRODUCTION
Apart from the conventional supply chain, GSC has an 
additional role called dismantlers, which allow green logistics 
to operate with additional functions of recovery and recycling. 
Schultmann et al. (2006), Baumgarten et al. (2003), and Lu Q. 
et al. (2000) have discussed this issue in detail. Wang and Hsu 
(2007a and b) evaluated the GSC closed-loop model based on 
the Conservation Law of operation units so that no material 
will be wasted through recycling and recovery. By extending 
the traditional supply chain into a supply “loop”, at a stable 
state of operation, there will be no specific depot or destination 
for each operation unit along the green supply chain.  
Kongar Elif (2004) discussed the difference between 
forward and reverse supply chain and mention that reverse 
supply chain is harder to forecast. Ovidiu Listes (2007) and 
Salema. et al. (2007) also focused on the uncertainty in 
reverse logistics, but Ovidiu Listes is not an optimal based 
model and both Ovidiu Listes and Salema et al. evaluated the 
model by special scenarios with less generality. Biehl et al.
(2007) used experiment design to analyze the uncertain 
impacts of the reverse logistics and noted that unlike forward 
logistics, reverse logistics operations are complex and prone to 
a high degree of uncertainty from collection rates- landfilling 
rates, the availability of recycled production inputs, and 
capacities in the reverse channel. 
In this paper, we base on Wang and Hsu’s model and 
consider the uncertain environment along reverse logistics. In 
order to make the model more generality, we use the 
membership function of fuzzy to present the uncertain 
information, and then transfer the membership function 
through all level-cuts to a crisp interval by possibilistic mean. 
This way can consider all fuzzy information and make an 
easier and crisper decision for decision maker. 
After introducing the mathematical programming of green 
supply chain logistics in Section 2, the literatures about 
possibilistic mean interval and variance of fuzzy number and a 
solution of interval programming after transferring fuzzy 
numbers into interval numbers will be proposed with 
specification in Section 3. A numerical example of uncertain 
GSC will be presented in Sections 4. Finally, in Section 5, the 
conclusion will be drawn. 
II. PROPOSED MATHEMATICAL MODEL 
Wang and Hsu (2007a and b) evaluated a close-loop green 
logistics model for certain situation. We extended the model 
into uncertain environment and considered that customer 
demand, recycling rate, and landfill rate are uncertain.
The close-loop green logistics contains two parts, forward 
and reverse logistics. The objective is to minimize total cost of 
the transportation and the operations. The constraints mainly 
contain two types: one is for limited capacities and the other is 
for the law of flow conservation.  
 Because customer demand is uncertain, and the recovery 
amount depends on the uncertain recovery percentage of 
uncertain demand, so the derived degree of uncertainty in 
reverse chain is more than that in the forward chain. 
Furthermore, the uncertain landfilling rate influences the re-use 
amount back to the forward chain. Because the three uncertain 
factors have a very close relation, that causes whole the close-
loop chain to be a high uncertain environment. 
III. RESOLUTION OF UNCERTAINTY 
A. Possibilistic Mean Interval and Varianve of Fuzzy 
Number 
Dubois and Prade (1987) defined an interval-valued 
expectation of fuzzy number, viewing them as consonant 
random sets. Carlsson C. and Robert F. (2001) introduced the 
notations of lower possibilistic and upper possibilistic mean 
values, the interval-valued possibilistic mean, of a continuous 
possibility distribution, which are consistent with Extension 
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Principle (Zadeh, 1975) and with well-know definition of 
expectation in probability theory. 
A J -level set of a fuzzy number A is defined by 
}10,)(|{][ ddt JJJ tARtA . Carlsson C. and Robert F. 
(2001) use Goetschel and Voxman’s (1986) method for ranking 
fuzzy number as  
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This is a concept of area, and by the definition of Carlsson 
C. and Robert F. (2001), the possibilistic mean value of fuzzy 
number is  
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and )(AM  is the arithmetic means of all J -level sets. 
The lower and upper possibilistic mean value of A, )(* AM
and )(* AM , are 
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)(* AM  and )(
* AM  are the lower and upper possibility-
weighted average of the minima and maxima of J -level sets, 
respectively. )](),([)( ** AMAMAM   is a closed interval 
bounded by the lower and upper possibilistic mean values of A. 
Then, we also can define the variance as follows by Carlsson 
C. and Robert F. (2001). 
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The variance of A is defined as the expected value of the 
squared deviations between the arithmetic mean and the 
endpoints of its level sets. 
After this possibilistc process, we can transfer membership 
function of fuzzy number into a crisp integer number through 
all possible level cuts. Then, solving a fuzzy mathematical 
model is equivalent to solving an ordinary integer 
programming model with addition information of the 
confidence interval in making a decision. 
B. The Solution of Interval Programming 
Interval A is alternatively represented as A=<m(A), w(A)>
where, m(A) and w(A) are the mid-point and half-width (or 
simply as `spread') of interval A, i.e., 
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Let ],[ UL aaA  , ],[ UL bbB   and x is a singleton variable. 
By Sengupta A. et al (2001), they defined the acceptance 
function to solve the interval programming. ),0[: fou III
such that )( BA I  or ),( BAI ,
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where 0)()( z AwBw . )( BA I  may be interpreted as 
the grade of acceptability of the ‘first interval to be inferior to 
the second interval’. 
The grade of acceptability of A<B may be classified and 
interpreted further on the basis of comparative position of mean 
and spread of interval B with respect to those of interval A as 
follow: 
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There may have two different possible setups. 
Case-I: When interval A is relatively narrower than interval B: 
Ax may be nested in B.
Case-II: When interval A is relatively wider than it was in case 
I: B may be nested in Ax.
From the examples given above, for both of the cases, the 
following remarks may be made: 
(i) Case I definitely satisfies the original interval inequality 
because I (Ax<B)t 0. However, an optimistic DM may remain 
under-satisfied with the optimal constraint condition and for 
getting higher satisfaction, he may like to increase the value of 
x to such an extent that I (B<Ax) does not pass over a threshold 
assumed and fixed by him. On the other hand, the pessimistic 
DM may want to control the I (Ax<B) to be a higher value. 
(ii) On the other hand, by case II, the original interval 
inequality condition is not denied because I (Ax<B)t 0. But a 
pessimistic DM may not be satisfied if the right limit of Ax
spills over the right limit of B. To attain his required level of 
satisfaction the DM may even like to reduce the value of x so 
that UU bxa d .
Sengupta A. et al (2001) also mentioned that one's possible 
reaction is as much as similar to Moore's concept of set-
inclusion, i.e., 
DAxBAx d let  where ],[ UbD f .
DAxBAx t let  where ],[ f LbD .
Lemma 1: (Morre, 1979)
If an optimal solution does not satisfy the binding condition 
and if there are alternative optimal solutions, some of them 
may be dominated alternatives to the original model. 
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Keeping in view the two remarks stated above and the 
Moore's concept, Sengupta A. et al proposed a satisfactory 
crisp equivalent form of interval inequality relation as follows: 
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where, T  may be interpreted as an optimistic threshold 
assumed and fixed by the DM. For the meaning, the lower 
bound of Ax is more close to the upper bound of B when T  is 
increase, but limit by UU bxa d . By the result, the upper bound 
of Ax will never excess the upper bound of B even T  equal to 1.  
In the same way, for AxtB, we have the satisfactory crisp 
equivalent form by the following pair: 
¯
®
­
d
t
t
]1,1[)(
,
TI BAx
bxa
BAx LL                                       (9) 
Similarity, the upper bound of Ax is more close to the lower 
bound of B when T  is increase, but limit by LL bxa t . By the 
result, the lower bound of Ax will never lower than the lower 
bound of B even T  equal to 1. 
In conclusion, by Moore’s concept, UU bxa d  and LL bxa t
confirm that the constraints’ upper bound is less than the RHS’ 
or the constraints’ lower bound is greater than the RHS’ , 
respectively. The method’s goal is to control the solution that 
makes BAx d , the upper bound of interval Ax  is as close as 
possible to the upper bound of interval B, and BAx t , the 
lower bound of interval Ax  is as close as possible to the lower 
bound of interval B. If T =-1, it’s the worst pessimistic think 
for DM, and else if T =1 then it’s the best optimistic think for 
DM. 
IV. APPLICATION FOR UNCERTAIN GSC
The interval programming method of the necessary 
equivalent form of the original problem as follow: 
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Assume all recovery (
~
cp ) and landfilling rates (
~
lp ) have 
the same percentage. For Wang and Hsu’s model, the 
numerical example describes the size are 3 suppliers, 5 
manufactories, 3 DCs, 4 customers, and 2 dismantlers. 
Assume the fuzzy numbers are the symmetric triangular form 
as follow: )2.0,0,1.0(
~
 cp , )2.0,0,1.0(
~
 lp , and customer 
demand,  
~
ld
Demand center 500 300 400 300 
Lower bound 400 200 300 200 
Upper bound 600 400 500 400 
So, all interval numbers of possibilistic mean value of 
fuzziness summery as follow: 
]
3
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3
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3
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~
 lpM , and  
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  The standard deviations of the fuzzy numbers are 
6
1.0)()(
2~~
  lc pVarpVar =0.04083, and  
6
100)()()()(
2~
4
~
3
~
2
~
1     dVardVardVardVar =40.8248
,
We assume the RHS interval of zeros are ]5,5[)0(
~
 M ,.
If we use all medium of interval numbers to solve the 
programming, we can get the crisp objective vale is 30040. If 
we set cp , ld to be a lower bound value, and lp  to be a upper 
bound value, then that is the worst case and the objective 
median value is 27059. From Sengupta A. et al (2001), we can 
get the solution from the interval programming by 1T  and 2T
as TABLE I. 
In TABLE I, when 1T =0, we compared the 2T  for an 
observation, and we observe when 2T  greater than 0.6, then 
the solution will not be change. That is because it reached the 
limit of Moore’s concept, UU bxa d . For ease of application, 
1T = 2T =T can be adopted. Although T  increase with better 
objective value, but that also means a DM increase risk level 
to get a better possible solution. T  can be seen as a risk level 
that the constraints may not be satisfy. The higher the value 
ofT , the higher the risk is, but with a better objective value. 
The method of Sengupta A. et al. showed that it can obtain 
a greater solution than others, but we observe the range of 
spread just depends on the solution. If the solution is smaller, 
then the width is rightly smaller too. There is no evidence to 
say the relationship of T and width. If it’s a maximum 
problem, when the T is larger the solution is bigger, but the 
width is also bigger too. In conclusion, it can say the method 
can get a better solution than others, but the uncertain must 
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observe by numerical analysis. We use the variance of the 
original fuzzy number to discuss the possible range.
TABLE I. THE COMPARSION OF T  (INTEGER SOLVING) 
1T 2T interval <mid, width> 
-1 [32662, 32982] <32822, 160> 
-0.9 [32349, 32657] <32503, 154> 
-0.8 [32101, 32397] <32249, 148> 
-0.7 [31852, 32136] <31994, 142> 
-0.6 [31542, 31814] <31678, 136> 
-0.5 [31299.33, 31560.67] <31430, 130.67> 
-0.4 [30567.67, 30822.33] <30695, 127.33> 
-0.3 [30271.33, 30520.67] <30396, 124.67> 
-0.2 [30052.67, 30299.33] <30176, 123.33> 
-0.1 [29844.33, 30089.67] <29967, 122.67> 
0 [29268.33, 29509.67] <29389, 120.67> 
0.1 [29264.33, 29505.67] <29385, 120.67> 
0.2 [29260.33, 29501.67] <29381, 120.67> 
0.3 [29255.33, 29496.67] <29376, 120.67> 
0.4 [29253.33, 29494.67] <29374, 120.67> 
0.5 [29248.33, 29489.67] <29369, 120.67> 
0.6 [29243.33, 29484.67] <29364, 120.67> 
0.7 [29243.33, 29484.67] <29364, 120.67> 
0.8 [29243.33, 29484.67] <29364, 120.67> 
0.9 [29243.33, 29484.67] <29364, 120.67> 
0
1 [29243.33, 29484.67] <29364, 120.67> 
0.1 [29054, 29294] <29174, 120> 
0.2 [28841.67, 29080.33] <28961, 119.33> 
0.3 [28548.67, 28793.33] <28666, 117.33> 
0.4 [28334.33, 28567.67] <28451, 116.67> 
0.5 [28112.67, 28343.33] <28228, 115.33> 
0.6 [27876, 28104] <27990, 114> 
0.7 [27618.33, 27843.67] <27731, 112.67> 
0.8 [27421, 27645] <27533, 112> 
0.9 [27223.67, 27446.33] <27335, 111.33> 
1 [26949.67, 27168.33] <27059, 109.33> 
For example, if 1T = 2T =T =1 in the TABLE I, the standard 
deviation of objective is ¦ ¦
m k
kml opVar )
~(M = 133.9224. The 
membership functions of original fuzzy numbers are triangular 
distribution, and we can use the standard deviation to get a 
confidence interval. Assume we use V2 , then by the 
triangular distribution, we can get 
9633.0133.9224)2-27025.93x133.92242-27059(  udduP
%33.96.84)26372x16.26791(  dd P
  We can say that when 1T = 2T = T =1, we have 96.33% 
confidence level to say the objective is between 26791.16 and 
27326.84. 
V. CONCLUSION 
The GSC is a very complexity and uncertain environment, 
and the logistics planning for DM is harder than before. 
Different kind of DMs in an uncertain environment may have 
different choice. An optimistic DM may want to increase the 
T  to get a higher possible goal, even the risk is more. The 
pessimistic DM may want to decrease T  to get a lower risk. 
However, we provided the results to a DM to choose, and also 
we provided the confidence interval to say the possibility of 
the objective range. The DM can use the expected interval 
goal of fuzzy number and the variance to get a confidence 
interval under T  they used, and they can also understand the 
expected interval and confidence interval by their choice. In 
the end, the T  must be evaluated by themselves, and the 
T with risk of violated constraints is another issue that can be 
considered.  
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